In this paper, we study a three step iterative scheme to approximate fixed points of Suzuki's generalized non-expansive mappings. We establish some weak and strong convergence results for such mappings in uniformly convex Banach spaces. Further, we show numerically that iterative scheme (1.8) converges faster than some other known iterations for Suzuki's generalized non-expansive mappings. To support our claim, we give an illustrative example and approximate fixed points of such mappings using Matlab program. Our results are new and generalize several relevant results in the literature.
Introduction
Throughout this paper, we assume that N is the set of all positive integers. We consider that C is nonempty subset of a Banach space X and F (T ), the set of all fixed points of the mapping T on C. A mapping T : C → C is said to be non-expansive if T x − T y ≤ x − y , for all x, y ∈ C. It is called quasi non-expansive if F (T ) = ∅ and T x − p ≤ x − p , for all x ∈ C and for all p ∈ F (T ). We know that F (T ) is nonempty when X is uniformly convex, C is bounded closed convex subset of X and T is non-expansive mapping, (cf. [2] ). In 2008, Suzuki [18] introduced the concept of generalized non-expansive mappings which is also called condition (C) and defined as: Let C be a nonempty subset of Banach space X. A mapping T : C → C is said to satisfy condition (C) if, 1 2 x − T x ≤ x − y =⇒ T x − T y ≤ x − y , ∀ x, y ∈ C.
Suzuki obtained existence of fixed point and convergence theorems for such mappings. Suzuki also showed that the notion of mappings satisfying condition (C) is weaker than non-expansiveness and stronger than quasi non-expansiveness.
The following example in support of above claim. Here T satisfies Suzuki's condition (C), but T is not non-expansive.
On the other hand, Banach contraction principle states that fixed point of contraction mappings can be approximated by Picard iteration where the sequence {x n } is generated from an arbitrary guess x 1 ∈ C as follows:
x = x 1 ∈ C, x n+1 = T x n , n ∈ N.
(1.1)
Unlike contraction mappings, Picard iteration for non-expansive mappings need not converge to a fixed point, even map has a fixed point.
Therefore, in 1953, Mann [3] introduced an iterative scheme, which has been extensively used to approximate fixed points of non-expansive mappings. In this iterative scheme the sequence {x n } is generated from an arbitrary guess x 1 ∈ C, in the following manner:
where {a n } is a sequence in (0, 1), satisfying appropriate conditions. It is also known that Mann iteration fail to converge to fixed points of pseudo-contractive mappings.
So in 1974, Ishikawa [4] introduced a two step Mann iterative scheme to approximate fixed points of pseudo-contractive mappings, where the sequence {x n } is defined by
where {a n } and {b n } are sequences in (0, 1), satisfying appropriate conditions. Rhoades [5] made an interesting remark on the rate of convergence of these iteration processes that: Mann iteration for decreasing functions converges faster than Ishikawa iteration. For increasing functions Ishikawa iteration process is better than Mann iteration process, also Mann iteration process appears to be independent of the initial guess (see also [6] ).
In 2000, Noor [7] introduced the following iterative scheme for general variational inequalities, in this scheme {x n } is defined by
where {a n }, {b n } and {c n } are sequences in (0, 1), satisfying satisfactory conditions. He also studied the convergence criteria of this scheme. After that, in 2007, Agrawal et al. [8] introduced the following two step iterative scheme for nearly asymptotically non-expansive mappings, in this scheme {x n } is defined as follows: 5) where {a n } and {b n } are sequences in (0, 1), satisfying appropriate conditions. They claimed that, this process converges at a rate same as Picard iteration and faster than Mann iteration for contractions.
In 2014, Abbas and Nazir [1] introduced the following three step iterative scheme for non-expansive mappings in uniformly convex Banach space. The sequence {x n } starting at initial guess x 1 ∈ C is defined as: 6) where {a n }, {b n } and {c n } are sequences in (0, 1). Authors showed that this process converges faster than all of Picard, Mann and Agarwal et al. processes for contractions, by giving a numerical example in support of their claim.
In 2014, Thakur et al. [9] introduced the following iterative scheme for nonexpansive mappings, in this scheme the sequence {x n } is defined as:
where {a n }, {b n } and {c n } are sequences in (0, 1). Authors claimed that this process converges faster than all of Picard, Mann, Ishikawa, Noor, Agarwal et al., Abbas and Nazir iteration processes for contractions in the sense of Berinde [21] .
Recently, Sahu et al. [10] and Thakur et al. [11] introduced the following same iterative scheme for non-expansive mappings in uniformly convex Banach space:
where {a n }, {b n } and {c n } are sequences in (0, 1). They claimed that this process converges faster than all the known iteration processes for contractions in the sense of Berinde [21] and they verified an example to support this claim.
In 2011, Phuengrattana [15] proved convergence theorems for mappings satisfying condition (C) using the Ishikawa iteration in uniformly convex Banach spaces. Recently, fixed point theorems for Suzuki's generalized non expansive mappings and nonlinear mappings have been studied by a large number of researchers, e.g. see [14, 16, 17, 20] .
Motivated by the above, we prove some weak and strong convergence results using iterative scheme (1.8) for Suzuki's generalized non-expansive mappings in uniformly convex Banach space. Our results generalize and extend the corresponding results of Sahu et al. [10] , Thakur et al. [11] and many others in the literature.
Preliminaries
We now recall some definitions, propositions and lemmas to be use in the main results.
Definition 2.1. Let C be a nonempty, closed and convex subset of a Banach space X. A mapping T : C → X is called demiclosed with respect to y ∈ X, if for each sequence {x n } in C and each x ∈ C, {x n } converges weakly at x and {T x n } converges strongly at y imply that T x = y.
Definition 2.2.
A Banach space X is said to satisfy Opial's property [12] if for each weakly convergent sequence {x n } in X with weak limit x,
holds, for all y ∈ X, with y = x. Definition 2.3. Let C be a nonempty, closed and convex subset of a Banach space X and let {x n } be a bounded sequence in X. For x ∈ X, we set
The asymptotic radius of {x n } relative to C is given by
The asymptotic center of {x n } relative to C is the set
It is well known that, A(C, {x n }) consists exactly one point, in the case when X is uniformly convex Banach space.
Proposition 2.4.
[18] Let C be a nonempty subset of a Banach space X and T : C → C be a mapping.
(i) If T is non-expansive then T satisfies the condition (C).
(ii) If T satisfies condition (C) and has a fixed point, then T is quasi nonexpansive mapping.
Lemma 2.5.
[18] Let T be a self mapping on a subset C of a Banach space X with the Opial's property. Assume that T satisfies condition (C). If {x n } converges weakly to z and lim
Main Results
In this section, we prove some weak and strong convergence theorems using iterative scheme (1.8) for Suzuki's generalized non-expansive mappings in uniformly convex Banach spaces. First, we obtain following useful lemmas to be use in our main results: Lemma 3.1. Let C be a nonempty, closed and convex subset of a uniformly convex Banach space X and let T : C → C be a Suzuki's generalized non-expansive mapping with F (T ) = ∅ and p ∈ F (T ). Let {x n } be a sequence defined by iterative scheme (1.8), then lim n→∞ x n − p exists for all p ∈ F (T ).
Proof. Let p ∈ F (T ) and z ∈ C. Since T satisfies condition (C), therefore by Proposition 2.4, T is quasi non-expansive mapping. That is, T x − p ≤ x − p , f or all x ∈ C and f or all p ∈ F (T ). Now from iterative scheme (1.8), we get
And
Using (3.1) and (3.2), we have
=⇒ The sequence { x n − p } is non-increasing and bounded below for all p ∈ F (T ). Hence, lim n→∞ x n − p exists. Lemma 3.2. Let C be a nonempty, closed and convex subset of a uniformly convex Banach space X and let T : C → C be a Suzuki's generalized nonexpansive mapping. Let {x n } be a sequence defined by iterative scheme (1.8). Then F (T ) = ∅ if and only if {x n } is bounded and lim n→∞ x n − T x n = 0.
Proof. Suppose F (T ) = ∅ and let p ∈ F (T ). Then by Lemma 3.1, lim n→∞ x n − p exists and {x n } is bounded. Put
From (3.1), (3.2) and (3.4), we have
Since T satisfies condition (C), we have
From (3.8), (3.9), (3.10) and using Lemma 2.7, we have
Now,
x n+1 − p = (1 − a n )T z n + a n T y n − p ≤ T z n − p + a n T y n − T z n .
Taking the lim inf on both sides, we get
So that, (3.5) and (3.12) give,
Thus,
From (3.4), (3.7), (3.13) and using Lemma 2.7, we have
Conversely, assume that {x n } is bounded and lim
=⇒ T p ∈ A(C, {x n }). Since X is uniformly convex, A(C, {x n }) is singleton, hence we have T p = p. This completes the proof.
Theorem 3.3. Let C be a nonempty, closed and convex subset of a uniformly convex Banach space X and let T : C → C be a Suzuki's generalized non-expansive mapping with F (T ) = ∅ and p ∈ F (T ). Let {x n } be a sequence defined by iterative scheme (1.8). Assume that X satisfies Opial's condition, then {x n } converges weakly to a point of F (T ).
Proof. Let p ∈ F (T ), then lim n→∞ x n − p exists by Lemma 3.1. Now we prove that {x n } has unique weak sub-sequential limit in F (T ). Let x and y be weak limits of the subsequences {x n j } and {x n k } of {x n } respectively. From Lemma 3.2, lim n→∞ x n − T x n = 0 and I − T is demiclosed at zero by Lemma 2.5. This implies that (I − T )x = 0 =⇒ x = T x, similarly T y = y. Next we show that uniqueness. If x = y, then by using Opial's condition,
This is a contradiction, so x = y. Consequently, {x n } converges weakly to a point of F (T ). This completes the proof.
Theorem 3.4. Let C be a nonempty, closed and convex subset of a uniformly convex Banach space X and let T : C → C be a Suzuki's generalized non-expansive mapping. Let {x n } be a sequence defined by iterative scheme (1.8). Suppose F (T ) = ∅ and p ∈ F (T ). Then {x n } converges to a point of F (T ) if and only if lim
Proof. Necessity is obvious. Conversely, assume that lim n→∞ inf d(x n , F (T )) = 0 and p ∈ F (T ). From Lemma
We show that {x n } is a Cauchy sequence in C. As lim
In particular, inf{
Now for m, n ≥ m 0 ,
=⇒ {x n } is a Cauchy sequence in C. As C is closed subset of a Banach space X, so that there exists a point q ∈ C such that lim
Theorem 3.5. Let C be a nonempty, compact and convex subset of a uniformly convex Banach space X, and let T and {x n } be as in Lemma 3.2, then the sequence {x n } converges strongly to a fixed point of T .
Proof. By Lemma 2.6, F (T ) = ∅, so by Lemma 3.2, we have lim
Since C is compact, there exists a subsequence {x n j } of {x n } such that x n j → p strongly for some p ∈ C. By Proposition 2.4, we have
Letting j → ∞, we get that x n j → T p. This implies that T p = p i.e. p ∈ F (T ). Also, lim n→∞ x n −p exists by Lemma 3.1. Thus p is the strong limit of the sequence {x n } itself.
Senter and Dotson [13] introduced the notion of mapping satisfying condition (I). A mapping T : C → C is said to satisfy condition (I), if there exists a nondecreasing function f : [0, ∞) → [0, ∞) with f (0) = 0 and f (r) > 0, for all r > 0 such
p ∈ F (T )}. Now we also prove a strong convergence result using condition (I).
Theorem 3.6. Let C be a nonempty, closed and convex subset of a uniformly convex Banach space X and let T : C → C be a Suzuki's generalized non-expansive mapping satisfying condition (I). Let {x n } be a sequence defined by iterative scheme (1.8), where {a n }, {b n } and {c n } are real sequences in
and for all n ≥ 1. Suppose F (T ) = ∅, then {x n } converges strongly to a fixed point of T .
Proof. We proved in Lemma 3.2 that
From condition (I) and (3.14), we get
Now all the conditions of Theorem 3.4 are satisfied, therefore by its conclusion {x n } converges strongly to a fixed point of T . 
), x+16 9
, if x ∈ [ 10 9 , 2].
Here T is Suzuki's generalized non-expansive mapping, but T is not non-expansive.
Verification. Take x = 111 100
and y = 10 9 , then x − y = 111 100 − 10 9 = 1 900 .
And.
T x − T y = 3 − 111 100 − 154 81
Hence T is not non-expansive mapping. Now we verify that T is Suzuki's generalized non-expansive mapping. Author Contributions: All authors contributed equally and significantly in writing this paper. All authors read and approved the final manuscript.
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